[1] The impact of agricultural chemicals on groundwater quality depends on the interactions of biogeochemical and hydrologic factors. To identify key processes affecting distribution of agricultural nitrate in groundwater, a parsimonious transport model was applied at 14 sites across the U.S. À fronts at sites with denitrification rates <0.25 mg-N L À1 yr À1 . The steady state depth of NO 3 À depended to a similar degree on application rate, leaching fraction, recharge, and NO 3 À and O 2 reaction rates. Steady state total mass in each aquifer depended primarily on the N application rate. In addition to managing application rates at land surface, efficient water use may reduce the depth and mass of N in groundwater because lower recharge was associated with lower N fraction leached. Management actions to reduce N leaching could be targeted over aquifers with high-recharge and low-denitrification rates.
Introduction
[2] Nitrate (NO À 3 ) is one of the most abundant contaminants in groundwater, with potentially harmful effects on human and environmental health. Substantial groundwater pollution has resulted from agricultural systems with large inputs of fertilizers and irrigation water [Hallberg, 1986; Burt et al., 1993; Böhlke, 2002; Hatfield and Follett, 2008; Dubrovsky et al., 2010] , and further intensification of agricultural practices is likely given population growth and a new interest in biofuel crops to meet energy needs [110th United States Congress, 2007] . To balance intense agricultural demands against the costs of degraded water quality requires understanding of the hydrogeochemical processes in soils and aquifers that determine the effects of agricultural practices on water quality. In the unsaturated zone, hydrologic conditions and complex soil processes control the fraction of applied nitrogen on land surface that leaches to the water table. Below the water table, the fate of NO À 3 is further affected by physical and chemical processes. The interactions of these various factors make some aquifers more vulnerable to NO À 3 contamination than others [Evans and Maidment, 1995; Nolan and Hitt, 2006; Debernardi et al., 2008] . Although many of the processes controlling NO À 3 movement in the subsurface are understood, applications of deterministic models integrating hydrology, geochemistry, and changing agricultural practices across multiple diverse settings are relatively scarce. Such tools could be useful for developing effective agricultural practices and meeting sustainable water quality goals.
[3] Agricultural nitrogen (N) inputs at land surface have long been recognized as a substantial factor in N contamination of groundwater. Pionke and Urban [1985] reported that NO À 3 concentrations in groundwater underlying cropland were five to seven times those observed in areas underlying forests in a small Pennsylvania watershed. During the last 50 yr, agricultural inputs of N have increased 20-fold, and concentrations in groundwater have risen concurrently [Hallberg, 1986; Böhlke and Denver, 1995; Böhlke, 2002; Puckett et al., 2011] . Effects of agricultural inputs, however, vary depending on site conditions. The fraction of applied N that leaches to groundwater as NO À 3 ranges from $5% to 50%, depending on local conditions [Hallberg, 1986; Johnes, 1996; Böhlke, 2002; Tesoriero et al., 2007; Green et al., 2008a; Zhang and Hiscock, 2010; Puckett et al., 2011] and uptake by harvested crops can be up to 50% [Cassman et al., 2002] . Many studies have indicated that the likelihood of NO À 3 contamination is greater in shallow aquifers with high N loading and welldrained surficial soil [e.g., Spalding and Exner, 1993; Nolan et al., 2002] .
[4] The fate and transport of NO À 3 in groundwater depends on physical processes (e.g., recharge and application rates) and geochemical conditions (mineral composition and redox processes) within the saturated zone. Greater recharge rates lead to more rapid vertical transport of NO À 3 into deeper zones. At the same time, the application of low-N irrigation water can cause dilution of N concentrations in groundwater [Nolan and Hitt, 2006; Debernardi et al., 2008] . Near the bottom of the aquifers, impermeable zones may inhibit vertical water movement and decrease the rate of vertical migration of NO À 3 . In addition to these physical factors, natural attenuation due to denitrification can diminish the vertical flux of NO [5] Removal of NO À 3 from groundwater by denitrification, a microbiological process by which NO À 3 is converted to N 2 , largely depends on geochemical conditions in aquifers. Under oxic conditions, dissolved O 2 is used preferentially by subsurface microorganisms as an electron acceptor and denitrification is inhibited. Typically, evidence of denitrification is found in groundwater samples with low O 2 concentrations (e.g., <2 mg L
À1
, although actual inhibition levels at reaction sites may be lower) [Green et al., 2008b . Combined use of groundwater dating and dissolved gas analysis of N 2 produced by denitrification has allowed the estimation of denitrification rates in many groundwater systems [Vogel et al., 1981; Böhlke and Denver, 1995; Böhlke et al., 2002; McMahon et al., 2004a McMahon et al., , 2008b Singleton et al., 2009; Tesoriero et al., 2007] . Substantial denitrification has been observed in aquifers containing relatively young groundwater (with travel times of years to decades) [Postma et al., 1991; Böhlke et al., 2002 Böhlke et al., , 2007b , while no evidence of denitrification has been observed in other, much older groundwater (with travel times of the order of millennia) [Vogel et al., 1981; McMahon et al., 2004b] . The lack of uncertainty analyses in most of these previous estimates and the wide range and heterogeneity of rates make it difficult to generalize about the influence of denitrification on groundwater quality in the absence of local geochemical information. Difficulties persist in comparing results from multiple aquifers and in determining how denitrification interacts with other factors (e.g., water recharge and N inputs at land surface) affecting N storage and flux in groundwater.
[6] Studies using statistical methods, interpretation of data from field sites, and detailed numerical models have explored relations among factors controlling NO À 3 concentrations in groundwater. Regression models have assessed the probabilities of contamination of aquifers by NO À 3 at various scales [Eckhardt and Stackelberg, 1995; Evans and Maidment, 1995; Tesoriero and Voss, 1997; Nolan et al., 2002; Nolan and Hitt, 2006; Burow et al., 2010] . Application rates of N, water input, and soil texture were generally identified as important factors influencing N concentrations in groundwater. However, these statistical methods provide limited information about the mechanisms controlling N concentration and their spatial distribution within groundwater. Many field studies have documented mechanisms affecting N in groundwater [e.g., Postma et al., 1991; Böhlke and Denver, 1995; Böhlke et al., 2002; Tesoriero et al., 2007; Green et al., 2008a] . For example, Green et al. [2008a] identified N application rate, water input, and evapotranspiration as major factors controlling the N fluxes in groundwater. Böhlke and Denver [1995] emphasized the interactive effects of changing agricultural practices, groundwater residence times, and local geologic features on NO À 3 transport and mass balance in local flow systems. Several recent studies have synthesized results among many sites using consistent methods in order to study broad scale trends in recharge [McMahon et al., 2011] , relations between applied N and N in recharge , and reaction rates . More work is needed to address these multiple factors simultaneously in a consistent hydrologic framework with physical and chemical processes in saturated and unsaturated zones. Detailed numerical groundwater models have been applied to study factors relevant to N contamination such as source area distributions [McMahon et al., 2008a; Starn et al., 2010] , travel times [Weissmann et al., 2002] , and redox reactions [Frind et al., 1990; Wriedt and Rode, 2006; Green et al., 2010; Kauffman and Chapelle, 2010] . Detailed numerical transport models have been effective for studying processes and making predictions at individual sites, but are typically too complex and difficult to implement in a consistent manner for timely analysis of broad differences among many sites [Konikow, 2011] . Relatively few studies have evaluated NO À 3 fluxes from land surface through aquifers using consistent methods applied across a wide range of hydrological and geochemical settings. A relatively simple transport model that synthesized multiple chemical profiles was developed recently to assess various controlling factors of vertical N fluxes in shallow groundwater in northwestern Mississippi [Welch et al., 2011] . This model accounts for the physical and chemical factors of interest for N fluxes in groundwater, allows automatic parameter estimation and predictions with uncertainty analysis, and can be applied quickly to multiple sites. In addition to NO À 3 , the model considers fluxes of chloride (Cl À ), which is commonly enriched in groundwater affected by agriculture, and which can serve as an indicator of nonreactive solute transport.
[7] The objectives of the current study were to further develop the simple flux model of Welch et al. [2011] and test it in 14 aquifers in different hydrogeologic settings across the USA; to use calibrated model results to identify which physical and chemical factors control vertical N fluxes in groundwater under a wide range of conditions; and to generalize the influence of these factors on longterm aquifer vulnerability. These results will improve scientific understanding of interrelations among the physical and chemical factors that control N fluxes across a wide range of sites and will clarify land-use management options best suited to controlling N contamination.
Site Descriptions
[8] To evaluate the applicability of our model for assessing impacts of agricultural practices on nitrogen fluxes in groundwater, 14 study sites (Table 1) were selected from the U. S. Geological Survey (USGS) National Water Quality Assessment (NAWQA) program and other previous studies with suitable data. Data sets at each site typically included concentrations of dissolved gases (oxygen, argon, nitrogen), Cl À , NO À 3 , and environmental tracers of groundwater age (tritium, chlorofluorocarbons [CFCs] , and SF 6 ), later referred to as ''age tracers.'' Sample locations were chosen from recharge areas at all of the sites. Samples from areas of low topography or near gaining surface water bodies were excluded to avoid discharge areas affected by upward groundwater fluxes. Samples in, or near, perched water tables were also excluded. Figure 1 shows Table 1 . The CA, NE/E, MD/K, WA, IA, and MS sites are from USGS NAWQA studies. The IA site was sampled in the same manner as the CA, WA, MD/K, and NE/E sites, as described in the work of Green et al. [2008b] . The sampling of the remaining sites is described in the cited publications. The study sites have unsaturated zones with depths from 3 to 100 m. Saturated thicknesses of the aquifers range from several meters to 100 m. Climates range from arid/semiarid at the western sites (e.g., WA and CA) to humid continental in the midcontinent (e.g., NE) and humid subtropical in the eastern (e.g., MD) sites, with precipitation rates of 0.19-1.14 m yr À1 (Table 1 ). The quantities of nitrogen applied on the land surface varied substantially among sites (estimates for 2001 are summarized in Table 2 ) and were derived from chemical fertilizer, manure, irrigation water, and atmospheric nitrogen loadings, as explained in section 3. Among the studied sites, corn, soybean, and pasture were common crops, accompanied by smaller acreages of a wide variety of crops including orchards, hay, alfalfa, grapes, vegetables, wheat, and potatoes.
Model Implementation and Calibration
[9] In this study, a previously developed mathematical model [Welch et al., 2011] was expanded to estimate the vertical transport of multiple reactive and conservative solutes through the studied aquifers. The expanded model includes age tracers, O 2 transport, and inhibition of denitrification by O 2 . As before, the vertical flow component and associated travel time to a given depth were based on an idealized two-dimensional conceptual model of a water table aquifer with an underlying confining unit (Figure 2) . The model parameters were recharge rate, unsaturated zone travel time, fractions of N and Cl À inputs leached to groundwater, O 2 reduction rate, O 2 threshold for denitrification, and denitrification rate. These parameters were estimated by simultaneously fitting observations of multiple environmental tracers consisting of NO À 3 , excess N 2 (N 2 from denitrification), O 2 , Cl À , and age tracers. Additional details and mathematics of the vertical flux and reaction model are described below, followed by an explanation of the procedure for estimating model parameters.
[10] For a solute, i, a fraction (f i ) of the mass applied at land surface (M i ) is transported through the unsaturated zone to the water table. Chemical and physical processes removing solute mass in the unsaturated zone are not modeled mechanistically, but are accounted for in the parameter f i . For example, denitrification in soils reduces the value of f N , the fraction of applied N that reaches the water table as NO À 3 . Based on previous studies, we expect that NO À 3 is the dominant form of N reaching the water table at agricultural sites [Green et al., 2008a] . The nonleaching fraction (1-f N ) also includes other N losses such as export in harvested crops, which could be up to 50% of applied N [Cassman et al., 2002] , or by runoff to surface water including through tile drains. The use of a leaching fraction parameter has been applied widely in the U.S. [e.g., Puckett et al., 2011] and the U.K. [e.g., Zhang and Hiscock, 2010] . Below the water table, solutes travel through the saturated zone and the concentration (C i ) of solutes can be monitored with time (t) and depth (z). In the modeled saturated zone, O 2 reduction commences at the water table. Inhibition of denitrification by O 2 and the onset of denitrification at depth were constrained by the observed distributions of O 2 and excess N 2 . The parsimonious model allows for efficient calibration, consistent assessment of N fluxes at multiple sites with different hydrological and geological settings, evaluation of nonlinear model uncertainties, and prediction of future groundwater quality. The simplifying assumptions of the model (e.g., spatially uniform chemical and water applications at land surface at each site) are consistent with study sites in recharge areas of dominantly agricultural regions. The concentration of a solute at a particular depth below the water table and time is given by:
where , and N 2 . The model does not account for potential depletion of electron donor phases in the aquifers. Specific abundances and rate controls of redox-reactive phases typically are poorly known and long-term projections would benefit from improvements in their characterization.
[11] The sample time, t, and application time, t 0 , are related by
where u is the unsaturated zone travel time and s is the saturated zone travel time. The unsaturated zone travel time u is estimated with:
where n u is the unsaturated zone mobile water content
], which is the specific volume through which the unsaturated zone water is transported, and H u is the unsaturated zone thickness [L] . Use of n u or u in model calibration yields identical predictions because these parameters are directly proportional. The saturated zone travel time is estimated for a homogeneous aquifer of uniform thickness with [Vogel, 1967] :
where n s is the saturated mobile water content (assumed to be equal to the porosity), H s is the saturated zone thickness, and z is the depth of the sample point below the water table.
[12] Values of mass flux of N at the ground surface (M N ) were based on county-level estimates of sources including fertilizer, atmospheric deposition, manure, and N in irrigation ) were calculated by dividing the mass of N inputs by the area of cropland in the county (available at http://quickstats.nass.usda.gov/). Total annual atmospheric deposition fluxes were derived from Clean Air Status and Trends Network (CASTNET) data including dry and wet deposition at nearby monitoring stations over the time period of available data for each station (available at http://java.epa.gov/castnet/). Loadings of N from all sources were assumed to decrease linearly from levels in 1945 to background levels in 1900, which were assumed equal to the average of total (wet plus dry) atmospheric deposition over the time period of available data for each site.
[13] Chloride was considered to be nonreactive in the subsurface, and the reaction rate, k Cl , was set to zero. Sources of applied Cl À (M Cl ) included fertilizers, atmospheric deposition, irrigation water, and manure. Fertilizer Cl À application rates were estimated using data from the United States Department of Agriculture (USDA) (available at http://www.ers.usda.gov/Data/FertilizerUse/). Estimated state-level application rates of KCl for various crop types were combined with county-level crop areas from the U.S. Department of Agriculture National Agricultural Statistics Service (available at http://www.nass.usda.gov/Data_and_ Statistics/). The long-term average Cl À flux in atmospheric wet deposition at each site was estimated using the map of interpolated data from the National Atmospheric Deposition Program (NADP) (available at http://nadp.sws.uiuc. edu/). The rate of Cl À dry atmospheric deposition from CASTNET (available at http://nadp.sws.uiuc.edu/) was typically lower than 0.05 kg ha À1 and was not included in flux estimates. Total loadings of Cl À were assumed to decrease linearly from 1964 levels to background rates in 1900, which were assumed to be equal to the average rate of atmospheric deposition using available data from NADP. Chloride content in manure was estimated from Ground Water Monitoring and Assessment Program [2001] using the same method as N input from manure. Chloride sources from irrigation were estimated using the deep groundwater concentrations of Cl À combined with irrigation rates at the following sites: NE/E, MS, MN, WI, and NC. At NE/W, Cl À in irrigation originates mainly from surface waters, and concentrations were taken from Harvey and Sibray [2001] . At the CA site, locally high rates of Cl À application on almond orchards were based on fertilizer application rates reported by the landowner. At the NY site, Cl À loading was not included in the model because of highCl À concentrations possibly from unquantified Cl À sources such as sea spray and road salt [Böhlke et al., 2009] .
[14] Input data for gaseous environmental tracers of groundwater age (e.g., CFC's, SF 6 ) were adopted from historical atmospheric concentrations Plummer, 1992, 2000] . Data for CFCs were not included in cases where laboratory reports indicated possible degradation of the CFC's. Input data for tritium ( 3 H) were estimated from concentrations in rainfall reduced by the amount of radioactive decay between the time of rainfall and time of sampling listed in Table 1 for each site. The tritium residence time in the unsaturated zone was included in the model. Tritium input concentration at each site was estimated from existing long-term records using a national interpolation model [Michel, 1989] , except for the NY site where local estimates were available [Böhlke et al., 2009] . Equations (1)-(5) were used to model age-tracer transport by assuming a reaction rate of zero and a leaching fraction of one. Input of dissolved oxygen (O 2 ) at the water table was assumed to be constant over time, and the input concentration was calibrated for each site based on observed O 2 concentrations near the water table.
[15] To test for possible effects of dispersion on model calibration, the model was adapted to include Fickian dispersion for the MD/A site. The resulting modeled concentration profiles were smoothed but there was no significant improvement in the model calibration. For simplicity, all temporally varying input functions were smoothed using 5-yr running averages to avoid convergence problems in calibration associated with noisy derivatives, and as an approximation for the effect of dispersion.
[16] Simulated vertical profiles from equations (1)- (5) were matched to observations by adjusting R, f N , f Cl , k N , k O , C O 0 , C O cut , and n u . At well screens with data from multiple sample dates, the averages of all samples were used to avoid the effects of seasonal variation. In addition, if data from multiple locations in the recharge zone were available then these were combined into a single profile. In the case of combined profiles, measurements from all depths were used, and no spatial averaging was performed. The concentrations and depths of all observations are provided in Figures 3 and S1-S13. Fixed values were specified for aquifer porosity (n s ), saturated zone thickness (H s ), and unsaturated zone thickness (H u ) based on published data for each site (Tables 1 and 2 ). Parameters were calibrated by minimizing the sum of squared errors (SSE) between measured and modeled concentrations.
where i is the observation number, j is the observation type, C i; j are observed values, C i; j 0 are modeled values, C j is an average of observed values of type j, n is the number of observations of type j, and m is the number of observation types, which include age tracers, NO À 3 , excess N 2 (N 2 from denitrification), O 2 , and Cl À . The sum of square errors (SSE) was minimized using a nonlinear generalized reduced gradient solver [Lasdon et al., 1978] . The goodness-of-fit of model predictions to observations was assessed by the relative root-mean-square error (RRMSE) given by the square root of the quantity SSE divided by the number of observations. Model reliability was further evaluated by varying initial values of parameters to check for correlations and nonunique solutions, and by estimating nonlinear simultaneous 95% confidence intervals of parameters of interest [see Hill and Tiedeman, 2007; Welch et al., 2011] . As described in section 5, calibrated parameter values then were used with analytical solutions from equations (1)- (5) (Figures 3, S1 -S13). The goodness-of-fits of model predictions to observations are listed in Table 2 as relative root-mean-square errors (RRMSE). The estimated parameters including R, f N , f Cl , k N , k O, n u , and u are listed in Table 2 . Recharge rates varied from 0.01 m yr À1 at the TX site (in an area with relatively low water inputs and fine-grained surficial soils) to 0.6 m yr À1 at the NY site (in an area with abundant precipitation and sandy soils) and the NE/W site (with a large amount of irrigation and leakage from canals). The estimated recharge rates from the vertical flux models of the 14 sites are comparable to estimates from previous studies at those sites (Table S1 ), which were estimated by the methods of water table fluctuation, stream hydrograph separation, chloride mass balance, and saturated zone age tracers. Discrepancies appear to be most commonly associated with the water table fluctuation method, which may not represent the same spatial or temporal scales of recharge as the saturated zone age tracers used in the present study [e.g., Delin et al., 2000; Böhlke et al., 2007a; Healy, 2010; McMahon et al., 2011] .
[18] The leaching fractions (f i ) for N and Cl À are defined as the ratio of mass reaching the water table to that applied at land surface. Values of f N had a mean of 0.19 and ranged from 0.02 to 0.6, similar to values estimated previously for agricultural sites [Hallberg, 1986; Johnes, 1996; Böhlke, 2002; Tesoriero et al., 2007; Green et al., 2008a; Zhang and Hiscock, 2010; Puckett et al., 2011] . Values of f Cl had a mean of 0.61 and ranged from 0.22 to 1.29. At all sites, values of f Cl were higher than values of f N . This is consistent with the general expectation that chloride moves conservatively in the subsurface [Herczeg and Edmunds, 1999] , whereas N is subject to a series of transformations and chemical, physical, and biological processes in the unsaturated zone (e.g., plant uptake, denitrification, and volatilization) that tend to reduce its concentration before leaching to the water Table S2 ) were used to estimate Cl À exports in crops at each study site. Estimated Cl À exports in harvested crops at the study sites ranged from $6 to 39 kg ha À1 yr À1 (Table S3) . At a majority of sites with f Cl < 1, the estimated values of exported Cl À in harvested crops were similar to the differences between Cl À input and Cl À flux at the water table (Table S3 and Figure 4 ). For these sites, the results indicate that Cl À exports in harvested crops may influence f Cl values and are therefore important to consider, for example, when using Cl À mass balances to estimate recharge rates or N losses in agricultural regions.
[19] Model simulations indicated a wide range of zeroorder O 2 reduction rates (
) were obtained for WI, NY, MD/K, MD/L, NE/W, and TX. The persistence of O 2 limited the production of excess N 2 to undetectable levels throughout most of the analyzed portions of these aquifers. At sites with measurable excess N 2 production by denitrification, zero-order denitrification rates Table 2 . Similar plots for all sites are given in the Auxiliary Material ( Figures S1-S13 . The range in calculated denitrification rates is consistent with rates calculated previously at these and other sites using the N 2 gradient method with groundwater dating on decadal timescales [Green et al., 2008b] . Threshold concentrations of O 2 inhibiting denitrification (O 2cut ) ranged from 0.6 mg L À1 to >8 mg L
À1
. Variability in this parameter might be related to suboxic denitrification; however, previous studies generally do not indicate such a large range of O 2cut in groundwater. It is likely that the high values are caused by some combination of the following: heterogeneity within the aquifer or along the well screen can produce mixed samples representing multiple redox conditions [e.g., Green et al., 2010] , and combining multiple profiles with varying recharge rates could create the appearance of overlapping redox processes. The model uses a zero-order reaction expression for denitrification and oxygen reduction. To assess whether a concentration-dependent rate might have been appropriate, we checked for a correlation between k N and N application rate or NO À 3 concentration at the water table and found no correlation. These results indicate that other factors than N concentration such as solid-phase electron donors are likely more important for controlling k N .
Relation Between Recharge Rate and Leaching Fractions for N and Cl
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[20] The relative amounts of N and Cl À applied to the land surface that ultimately enter groundwater can be affected by different processes in the unsaturated zone. among the 14 sites in this study and 15 sites from previous studies [Tesoriero et al., 2007; Puckett et al., 2011] . The leaching fraction of N is also correlated with water use efficiency (E), defined as E ¼ R/(I þ P), where I is the irrigation rate and P is the annual precipitation rate. Sites where evapotranspiration is relatively large have lower values of f N (see an additional discussion in section 4.3). Previous unsaturated zone studies provide examples of increased NO À 3 fluxes with increased percolation at individual sites [Nakamura et al., 2004; Nolan et al., 2010] , while the current results indicate this relation may apply among multiple sites with diverse geography. The observed relation indicates that the physical factor of water recharge interacted with chemical factors that contribute to N leaching to groundwater. With more recharge, more N apparently is transported below the root zone, resulting in higher N leaching fractions and relatively constant NO À 3 concentrations in shallow groundwater among the study sites. Higher recharge rates may lower residence times in the soil/root zone, resulting in less time for plant uptake or cycling by soil bacteria. Based on previous studies, we expect there was limited influence of mineralization, nitrification, or denitrification on the fate of N between the root zone and water table [Green et al., 2008a] . Clearly, models of agricultural effects on groundwater quality must account for variability of local hydrological and chemical factors affecting the transmission of NO À 3 from soils to aquifers.
[21] The correlation between R and f N appears to be robust. Based on tests of model uniqueness, estimates of parameter uncertainty, and inference from comparisons with other tracers, the correlation does not appear to result from parameter interdependence in the model calibration. Following the method of Hill and Tiedeman [2007] , we tested the uniqueness of the calibration and the parameter estimates by recalibrating with varying initial values of the parameters of interest. For all sites, the final parameter values were found to be unique, as shown by the convergence of (Table S3 ). Error bars represent high and low estimates of Cl À in harvested crops (Table S2 ). The diagonal line is 1:1. Figure 5 ). Parameters were not highly correlated, as indicated by the finite confidence intervals. Moreover, the same equations were used to predict both f Cl and f N , but the values of f Cl did not correlate with recharge rates (see below), which further indicates that the correlation between R and f N does not stem from parameter interdependence in the model calibration.
[22] Values of f Cl do not appear to be correlated with recharge rates (Figure 5 ). This is expected because Cl À neither leaches from, nor is absorbed by, the sediment or soil particles in large quantities in the unsaturated zone. Except in arid environments, Cl À generally does not accumulate substantially in the unsaturated zone. The Cl À removed in harvested plants also might not be strongly related to recharge, although Cl À bioaccumulation could be affected by varying transpiration fluxes or soil water Cl À concentrations.
Effects of Evapotranspiration and Soil Type on Leaching Fractions and Concentrations
[23] Evaporatranspiration (ET) and soil type are other factors to consider in the relation between leaching fractions and physical variables. For a given water input and mass flux of a conservative solute, greater fractional loss of water to ET results in higher concentrations (but no change in total mass) of conservative solutes in recharge. Because most agricultural sites have roughly similar inputs of water to meet plant requirements (Table 1) , larger losses of water to ET generally correspond to lower values of recharge. The relation among concentration, fractional water loss to ET, and leaching fraction is shown in Figure 6 . The x-axis is the fraction of applied water lost to ET (assuming run-on balances runoff) as defined by ET loss ¼ (P þ I À R)/(P þ I), where P is annual precipitation, I is annual irrigation, and R is annual recharge. The y-axis is the ratio of the observed concentration of NO À 3 or Cl À in groundwater (C obs ) to the applied concentration at land surface computed using the equation C obs /C app ¼ f i /(1 -ET loss), where f i is the leaching fraction for N or Cl - (Table 2) . A single point for each site is derived from the data (Table 1 ) and fitted parameters ( Table 2) . For each point, the soil drainage class listed in Table 1 is also indicated.
[24] Variations in water losses and soil texture at the studied sites are important factors influencing the leaching fractions of N and Cl À (Figure 6 ). For a constant leaching fraction, f N , each curve shows the expected increase of C obs /C app with increasing water loss. Aquifers with higher values of f N tended to be overlain by well drained or somewhat excessively drained soils ; whereas lower f N values occurred in aquifers beneath soils with mixtures of welland poorly drained or poorly drained textures. Based on a Wilcoxon-Mann-Whitney test, the mean f N value for poorly drained sites was significantly lower than for well drained sites (0.10 and 0.23 respectively, p ¼ 0.007).
[25] Green et al. [2008a] reported that among five agricultural sites (also included in this study), the sites with sandy soils had relatively high-f N values, whereas the finergrained soils had lower-f N values. In this study, the results of the nine additional sites are consistent with those earlier results. In more-well drained soils, NO À 3 moves more quickly to the water table and there is reduced opportunity for denitrification, plant uptake, or incorporation into organic matter. In contrast, more poorly drained soils with high ET and limited groundwater recharge may promote slower transport and often contain sufficient organic matter to support denitrification in soils under partially or fully saturated conditions. Loss of water and solutes to runoff may also contribute to the trend of lower-f N values in more poorly drained soils.
[26] The NO À 3 concentration factor in recharge, C obs / C app , varies among sites within a narrow range (0.6-2) compared to that of Cl À (2-53). The difference in relative concentration ranges relates to the differences in the leaching fraction discussed in section 4.1. The positive correlation of f N with R corresponds to relatively constant concentrations among sites. In contrast, the more widely varying f Cl corresponds to greater Cl À concentrations at sites with low recharge and high ET. In addition, concentration factors of NO À 3 appear to be uncorrelated with the soil drainage type (Figure 6 ). This lack of correlation of NO À 3 concentration factors with soil type has relevance to the findings of a previous national statistical study [Nolan and Hitt, 2006] showing that NO À 3 concentrations at depths of $4-29 m tend to be lower beneath more poorly drained soils. The combined results of the current and previous study indicate that the relation between poor soil drainage and lower NO À 3 concentrations at depth may result from diminished migration of NO À 3 beneath poorly drained soils as a result of lower vertical velocities and interception by Figure 6 . Relation between concentration enrichment and the fraction of applied water lost to evapotranspiration (ET). Concentration enrichment is defined as C obs /C app , where C obs is the observed concentration in groundwater at the water table and C app is the applied concentration based on the total applied load divided by the total water inputs. The curves show the expected increase of C obs /C app with increasing ET for various leaching fractions (mass leached below the root zone/mass applied). Triangles represent NO tile drains rather than from lower concentrations leaving the unsaturated zone.
Vertical Distribution of Reaction Rates
[27] Major uncertainty in assessing aquifer vulnerability stems from limited knowledge of the spatial variability of reaction rates of O 2 and NO À 3 . In these reactions, subsurface microbes can consume electron donors originating in recharging water or from solid-phase aquifer materials such as organic carbon, ferrous iron, and reduced S minerals [Korom, 1992; Rodvang and Simpkins, 2001] . The distribution and relative importance of these potential reactants is difficult to predict. Mass balance studies commonly indicate relative importance of solid phase electron donors in aquifers over surface-derived dissolved organic carbon [Postma et al., 1991; Böhlke and Denver, 1995; Böhlke et al., 2002 Böhlke et al., , 2007b Beller et al., 2004; Green et al., 2008b] . Estimated zero-order rates of O 2 reduction and denitrification are summarized in Figure 7 and Table 2 . The uniqueness of estimates of k O and k N was tested using the same method as described in section 4.2. All estimates of k O and k N were found to be unique. Nonlinear simultaneous confidence intervals were calculated for k N and k O to evaluate relative uncertainty in parameter estimates among sites. Parameter confidence intervals were finite at most sites, but some sites have no upper confidence limit for k N due to noisy data (IA and NE/W) and insufficient vertical data resolution to determine the upper limit of the rate of denitrification (MN, CA, and NE/E). For some sites, there was no measurable k N because O 2 inhibited denitrification throughout the sampled portions of the aquifers and excess N 2 remained below detection limits (e.g., 1.3 mg L À1 in the work of Green et al. [2008b] ). In Figure 7 , solid symbols represent reaction rate estimates from this study, and open symbols represent estimates from previous studies using age tracers, excess N 2 , and O 2 data [McMahon et al., 2004a [McMahon et al., , 2004b . To facilitate comparison, reaction rates were converted to electron transfer rates. The electron transfer equivalent for O 2 reduction was four times the molar O 2 reduction rate, and the electron transfer equivalent for denitrification was five times the molar denitrification rate (as N). As shown in Figure 7 , sites with high k N also had high k O . The 1:1 line represents the trend at which the rate of electron transfer of O 2 reduction is equal to that of denitrification. Most of the estimated rates plotted below the 1:1 line, indicating that the rates of electron transfer for denitrification were higher than for O 2 reduction. Exact ratios are given in Table 2 . As shown by equation (2), denitrification in recharging groundwater typically follows O 2 reduction and occurs at or below the depth of O 2 reduction. Therefore, greater rates of electron transfer for denitrification indicate greater rates of electron transfer in deeper portions of the aquifers.
[28] The vertical differences in electron transfer rates indicate biogeochemical factors vary with depth. Microbial populations in the shallow saturated zone are commonly reported to be uncorrelated with depth [e.g., Ayuso et al., 2009] . Differences in kinetics of O 2 or NO À 3 reactions with a particular substrate are unlikely to explain the more rapid electron transfer in some NO À 3 reducing zones in this study. The greater reduction potential of O 2 typically creates a greater tendency for aerobic reactions, rather than anaerobic reactions, to occur [Fuhrmann, 1998] . Most likely, the reactivity of solid-phase electron donors changes with depth, with more labile donors being depleted in shallow sediments from prolonged exposure to oxidizing waters, leading to the observed pattern of higher-electron transfer rates at depth in most of the aquifers. Previous studies at many of the sites summarized in Figure 7 indicated that dissolved electron donors from recharging water were insufficient to account for losses of O 2 and NO À 3 at the aquifer scale, and relict, solid-phase materials in the aquifer were likely the primary sources of electron donors for O 2 reduction and denitrification [Böhlke and Denver, 1995; Böhlke et al., 2002; Green et al. 2008b] . At the MN site, for example, Böhlke et al. [2002] concluded that the position of the denitrification zone could be explained by consumption of reactive Fe-sulfide minerals in the upper part of the aquifer by oxic recharge water over a period of $10 4 yr since the glacial outwash aquifer was established.
[29] Three sites in this study (NE/W, WA, and CA) and one site from a previous study had greater estimated O 2 reduction rates than denitrification rates. This behavior could result from a supply of dissolved organic carbon from the surface, or it may be a result of uncertainties in the estimated reaction rates. To test the possibility that higher-manure applications were associated with higher DOC at some sites, we checked for a correlation between the denitrification rate or O 2 reduction rate and the percentage of manure in total N applied in the last 10 yr (2%-49%), and found no significant relationship. Uncertainty in the estimated parameters is a feasible explanation. These sites had relatively noisy concentration profiles combined with very low concentrations of excess N 2 near detection limits, which led to relatively large confidence intervals on parameter estimates (Figure 7) . The prevalence of sites with higher-electron transfer rates for denitrification than for shallow oxygen reduction suggests that : surface derived ) on log scale. Solid symbols represent estimates from the model in this study and open symbols represent estimates from previous studies [McMahon et al., 2004a [McMahon et al., , 2004b . Error bars are nonlinear simultaneous 95% confidence intervals. An arrow head on the end of an error bar indicates no limit was obtained (5 sites).
DOC is not a major electron donor source at most of these sites; solid phase electron donors dominate denitrification reactions; solid phase electron donors also dominate O 2 reactions; and microbially mediated electron transfer rates can increase with depth (at least down to the depths considered in this study) as a result of weathering front migration.
[30] Our results indicate the relation between electron donors and denitrification rate is an important topic for future study [see also Böhlke and Denver, 1995; Robertson et al., 1996; Rodvang and Simpkins, 2001; Böhlke et al., 2002; McMahon and Chapelle, 2008] . In this study, DOC and solid-phase electron donor concentrations were not available at all sites. Improving understanding of the sustainability of denitrification will require additional information about the reactivity and abundance of the heterogeneously distributed reductants in aquifers.
Assessment of Calibrated Models
[31] Section 4.5 describes the current model's comparability with previous studies, sources of uncertainty, and applicability to other areas with more limited data. As discussed previously, the vertical transport model is designed for agricultural areas where mass input at the land surface is spatially uniform. The model assumes the flow system is in the recharge area so sample locations must be chosen from recharge areas at all sites. Samples taken from areas of low topography or near gaining surface water bodies must be excluded to avoid areas affected by upward groundwater fluxes.
[32] Care must be taken in comparing current results to previous site-specific studies. The uniformly applied modeling approach at sites with multiple profiles yields calibrated parameters that represent spatial averages and can be subject to stronger scaling effects than detailed local estimates from site-specific studies. The regionally averaged parameters should not necessarily supersede results reported in the site-specific literature. Furthermore, whereas some previous studies at these sites derived recharge fluxes and reaction rates directly from interpretations of apparent groundwater age, our calculations are based on depth profiles and a vertical age distribution model following the conceptual model in Figure 2 . Where age interpretations are difficult or where additional tracers like Cl À help to constrain vertical velocities, our approach using selected vertical profiles in recharge areas and calibrating directly against tracer concentrations may reduce the uncertainty of hydrologic and geochemical parameters. Alternatively, where groundwater ages are well characterized and processes are related to time, but recharge rates and flow paths are not spatially uniform, our approach may increase uncertainties of estimated parameters. For future work, hydrologic variability can be incorporated into the vertical flux model, for example, by applying multiple recharge rates and a single set of reaction parameters. Exploratory analysis at the CA site indicated that this approach reduced the model error and parameter uncertainty (results not shown).
[33] There are multiple sources of uncertainties in the model inputs including the scale of the study and estimates of application rates. Of the 14 study sites, 10 had samples collected from multiple locations. For some sites with large study areas, including IA, WA, NE/W, multiple sample locations (more than three) were combined to form one profile. These sites had scattered NO À 3 , Cl À , and excess-N 2 data, which may result from nonuniform water input or fertilizer applications, or from varying aquifer thickness. These variations due to multiple locations and large study areas contributed to uncertainty of the parameters for these three sites. Although the multiple profiles of NO À 3 , Cl, and excess-N 2 were noisy in the IA and WA sites, age tracer, and O 2 profiles were less scattered, such that combining profiles resulted in less uncertainty in the model calibration. Other sites for which combining multiple locations better constrained the model calibration were MD/K, MD/L, CA, NE/E, NC, NY, and TX. At these sites, the multiple profiles were similar for each individual solute and the combined vertical profiles were comparable to the temporal variations in applied chemicals and age tracers. The MS, MN, MD/A, and WI sites had only one sampling location and the historical application rates provided good matches with the concentration profiles at these sites. As discussed above, multiple sampling locations can improve the model calibration and the prediction but estimated parameters represent averages of the conditions among lumped profiles and may differ from local estimates.
[34] As mentioned previously, county-level estimates of N and Cl À inputs can over-or underestimate the local conditions. However, for most of the sites considered in this study, the shapes of the NO À 3 and Cl À concentration profiles in groundwater corresponded well with the historic application rates.
[35] Although most of the sites used in this study had relatively rich data sets of dissolved gases and age tracers, the model can be applicable for sites with smaller datasets that may not include dissolved gases or age tracers. The model was applied to predict the fate and transport of nitrate in shallow groundwater in northwestern Mississippi without calibration to age-tracers [Welch et al., 2011] and yielded recharge estimates within the range of several previous studies. In that case the excess N 2 constrained the denitrification rate and the shape of the Cl À profile correlated with the historical application data. At sites with large vertical gradients in NO À 3 and Cl À , and aerobic groundwater such as MD/L and WI, excess N 2 is not needed and the historical application rate can be used to fit the vertical groundwater profiles. ) in the steady state profiles is equal to the sum of NO À 3 mass in the aerobic zone (T ss1 ) and in the denitrification zone (T ss2 ) given by the equations:
Future Projections of Nitrate Profiles
and
where all variables are defined as before. Based on the correlations between f N and R ( Figure 5 ) and between k O and k N ( Figure 7 ) these pairs of parameters were varied proportionally for each site by substituting R Â f Ncal /R cal for f N and k N Â k Ocal /k Ncal for k O in equations (7)- (10), where the subscript ''cal'' indicates the calibrated value of the parameter for that site. For sites with aerobic conditions in the sampled zone (as described in section 4.4), k N below the sampling zone was inferred from k O using a best-fit line through the estimated values of k N and k O for all sites with observed denitrification. All values of k N inferred from k O were low, ranging from 0 to 0.015 mg-N L À1 yr À1 .
[37] To investigate the susceptibility to continuing NO À 3 contamination of the 14 studied aquifers, the most recent depth of NO À 3 extinction (Z curr ) was compared to that at steady state (Z ss ) (Figure 8 ). For purposes of comparison, Z curr was based on the time of the field study at each site (Table S1 ) and set equal to the smaller of the depth at which the modeled NO À 3 concentration reaches zero or the depth at which the date of application, t 0 ¼ 1945 (assumed to be the starting date for mass production of chemical fertilizers). Case (2) was applied at sites such as TX with background NO À 3 in premodern water from unknown sources. The value of Z ss for each site at steady state is from equation (8) using calibrated parameter values (Table 2) . In Figure 8 , the values of NO Table 2 lists the time required for each aquifer to reach steady state. All five of the high-k N aquifers were near steady state. In high-k N aquifers, denitrification quickly removes N from groundwater (after O 2 is reduced) and can maintain a near steady state profile. At such sites, the total depth of the NO À 3 profiles may remain close to the most recent depth, although eventually the depth will increase as solid-phase electron donors are depleted. Most aquifers with low-k N and medium-k N values were not at steady state. The TX, WA and WI sites were not close to steady state because of their combination of lower k N and greater aquifer thickness (100, 100, and 50 m for WA, TX, and WI, respectively). At the time of sampling, NO À 3 contamination from modern agricultural practice had only reached the shallower portion of these aquifers. Because of low k N values, the NO À 3 fronts were predicted to continue migrating deeper until extinction depths at steady state approach the bottoms of these aquifers. As discussed in section 4.5, parameters and assumptions for the analytical steady state profiles may not apply locally at sites with spatially variable hydrology such as focused recharge beneath leaky canals (NE/W) [Böhlke et al., 2007b] or playas (TX) [Fryar et al., 2000] . At these heterogeneous sites with multiple profiles, point-or line-sources of recharge may create noise in the vertical profiles with corresponding uncertainty in local predictions. However, the parameters appeared to be representative of average regional conditions.
Sensitivity of Steady State NO
À 3 Mass and Depth to Physical and Chemical Factors [39] To compare the relative importance of different parameters to the predicted depth of NO À 3 extinction, Z ss , and NO À 3 total mass storage in groundwater, T ss , a sensitivity parameter (S y ) was calculated with respect to parameters M N , R, f N , k N , and k O . Parameters that more strongly affect Z ss or T ss have larger absolute values of S y . The sensitivities, S y , were calculated as
where y is a prediction, such as Z ss or T ss ; b is a calibrated parameter such as M N , R, f N , k N , or k O ; and @y/@b is the derivative of Z ss or T ss with respect to the parameter, calculated from equations (7) Table S4 and the absolute values of these sensitivities are plotted in Figure 9 to illustrate their relative importance.
[40] The sensitivities of Z ss (S Z ) varied among sites (Figure 9A) . For low-k N aquifers, S Z was <0.05 m, which implies that none of parameters (R, f N , M N, k O , and k N ) have a strong influence on the steady state depth of NO À 3 extinction, as a result of conservative migration of NO À 3 to near the bottom of the aquifer. Because vertical velocities approach zero and isochrons are close together toward the bottom of the aquifers (see equation (5)), changes in the time of persistence of NO À 3 had a relatively small effect on the displacement of Z ss near this boundary. For high-k N aquifers, the extinction depths were also relatively insensitive, but for a different reason. In these aquifers the extinction depths were small. Even though doubling the applied mass approximately doubled the thickness of the zone of denitrification, there was still small change in Z ss , and hence small sensitivity. For medium-k N aquifers, the extinction depths were larger but were not close to the bottom of the aquifer. Therefore, changes in parameters controlling NO [41] Figure 9B illustrates the sensitivity of T ss (S T ), which varied among sites. The high-k N aquifers had S T lower than 30 g m À2 over the range of parameter variations. At these sites fractional changes in the parameters had a more limited effect on T ss because the NO À 3 leaching to the water table was quickly eliminated by denitrification and so the total mass of NO À 3 in the aquifer was relatively small. Doubling of the depth and mass of NO À 3 resulted in small total changes in mass and, therefore, small sensitivities. In contrast, for the remaining aquifers with denitrification lower than 0.25 mg-N L À1 yr À1 (low-k N and medium-k N aquifers), S T values for mass applied at land surface (M N ) were significantly higher than 30 g m À2 and exceeded S T for other parameters. For these aquifers, changes in the mass applied on land surface could cause substantial longterm changes of N mass storage in groundwater as a result of large NO À 3 storage capacity and limited reactions. Figure  10A ) or R ( Figure 10B ) while holding all others constant.
Nonlinear Changes in Depth of NO
[43] Figure 10A shows the effects of varying N inputs on the projected NO À 3 extinction depths, Z ss , in the 14 aquifers. The concentration of NO À 3 in shallow aquifers has been observed to correlate spatially with gross differences in N applications at the land surface [Nolan et al., 2002; Nolan and Hitt, 2006] ; however, the relation between Z ss and the mass of N applied on land surface was more complex. Figure 10A illustrates that higher application rates of N result in greater Z ss , as expected. However, sites responded differently to changes in application rates. The aquifers showed two distinct responses for the range of M N considered here (0-360 kg ha À1 ): NO À 3 migrated to the bottom of the aquifer (Z ss /H s % 1 for all M N ), and NO À 3 never migrated to more than 80% of the total depth of the aquifer (Z ss /H s < 0.8 for all M N ). The first group included low-k N sites, medium-k N sites with relatively high recharge rates (CA and WA), and a high-k N site with moderate recharge and small aquifer thickness (MN) ( Table 2 ). For aquifers in this group, the depth of NO ) ( Figure 10A ). The second group included the remaining high-k N sites and a medium-k N site with a relatively low recharge rate (NC). At high denitrification and low recharge rates, denitrification attenuated NO À 3 in shallow groundwater and prevented the NO À 3 from reaching deeper groundwater, even at higher rates of N application.
[44] Recharge strongly affects the eventual depth of extinction of NO À 3 as shown in Figure 10B . For 12 of the aquifers, increasing the recharge rate up to 1 m yr À1 resulted in NO À 3 migration to more than 80% of the total depth ( Figure 10B) . Generally, the depth of NO front approached the bottom of the aquifer (Z ss /H s greater than $0.6). Approximately half of the 14 modeled aquifers had estimated recharge rates higher than 0.15 m yr À1 and the steady state depths of NO À 3 extinction in those aquifers were >80% of the aquifer thicknesses. Optimizing water use and infiltration in agricultural areas therefore plays a vital role as a best management practice (BMP) affecting groundwater quality. The recharge rate has changed greatly as a result of irrigation in areas such as the Central Valley, CA [Burow et al., 2010] and the High Plains [McMahon et al., 2007] . In irrigated settings efforts to decrease application of excess water may have an additional benefit of decreasing transport of N to groundwater. It is well known that tile drains below agricultural lands can rapidly transport applied N to surface water [Crumpton et al., 2006] and efforts to address this problem have been proposed. In addition there has been much effort to control nitrogen loading to streams, lakes, estuaries and other surface water by increasing recharge with retention basins, and increasing or preserving permeable surfaces in watersheds. Our study results indicate that the compound water quality effects of recharge on vertical velocity and leaching fraction should be considered in any efforts to manage runoff of N to surface water by increasing infiltration, as this practice may transfer the nitrate problem from a surface water issue to a groundwater issue.
[45] While the depth of NO À 3 extinction gives information about the extent of contamination and likelihood of deep groundwater being affected, total mass storage in groundwater, T ss , depends on depth and concentration. Mass storage depends on both the distribution and concentration of NO ). Curves are from analytical solutions at steady state (equations (7) and (8)). Nitrogen mass applied at land surface remains constant after 2001 for the steady state calculation (Table 1) . On the y-axis, 0 corresponds to the water table and 1 corresponds to the bottom of the aquifer. surface ( Figure 11A ) and recharge ( Figure 11B ). At steady state, NO À 3 storage in groundwater, T ss , increased with increasing recharge rates and changed substantially when the recharge rates were less than 0.15 m yr À1 ( Figure 11B ). The more pronounced effects at low R were a result of limited storage space in the aquifers. As R increased, the NO À 3 extinction depth, Z ss , also increased and created a greater storage volume of NO À 3 . At higher values of R, however, the effects of increasing R on T ss diminished because Z ss asymptotically approached Z ss /H s ¼ 1, and NO À 3 storage space approached a constant value. For nine out of 14 studied sites, the recharge rates were lower than 0.15 m yr À1 and a small change of recharge from the current value can result in a large change of potential N mass storage in groundwater. Shifts in agricultural practices may change the recharge rate through changes in irrigation or crop water use and, therefore, could cause changes in N mass storage in groundwater.
Summary
[46] A simple vertical transport model was used to simulate NO À 3 and Cl À fluxes in groundwater at 14 agricultural sites in different hydrogeological settings. Calibrated parameters including recharge rate, N leaching fraction, O 2 reduction rate, and denitrification rate in the saturated zone were used to characterize the vulnerability of the aquifers under constant loadings equal to modern values. The model results illustrate the relations among physical and chemical factors that control N storage and fluxes in groundwater and provide insight into the most important factors.
[47] The N leaching fraction was positively correlated with recharge rate among the 14 sites. Also, N leaching fractions were correlated with soil drainage class and water loss. Aquifers with higher-leaching fractions of N tended to have well drained or somewhat excessively drained soils. Geochemical factors of denitrification rate and O 2 reduction rate were positively correlated and denitrification rates in a number of cases were higher than O 2 reduction rates on a molar electron basis. Comparison of these rates indicated that solid phases in aquifers were the dominant electron donor sources for these two reactions and electron transfer rates may be slower in the shallower O 2 reduction zone than in the deeper denitrification zone.
[48] Vertical NO À 3 fluxes below the water table historically were affected by a combination of geochemical factors, physical factors, and land use. Models indicated about half of the aquifers were at or near steady state in terms of the total depth of NO and O 2 reaction rates. Steady state total mass in the aquifer depended primarily on the N application rate. The results from the sensitivity analysis highlight the relative importance of controlling mass application rates over aquifers with low denitrification rates. Aquifers with denitrification rates higher than 0.25 mg-N L À1 yr À1 are protected from deeper (e.g., >20-30 m) NO À 3 contamination as long as recharge rates are not excessively high, and the supplies of solid-phase electron donors are not depleted, although increases of shallow concentrations and lateral transport of NO À 3 may still be a concern.
[49] Acknowledgments. This study was conducted as part of National Research Program and the USGS National Water Quality Assessment Program. Ronald J. Baker, Richard L. Smith and three anonymous reviewers provided helpful suggestions for the manuscript. ). Curves are from analytical solutions (equations (9) and (10) 
